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Question 1 (Simon’s algorithm.)

Consider a function
f:{0,1}° = {0,1}%,

where there exists a nonzero secret bitstring s € {0, 1} such that
f(z)=f(y) ifandonlyif z=yorz=y®s.
Suppose that two runs of Simon’s algorithm yield the following measurement outcomes:
oM =110, o?® = 011.
(a) What equations must the secret string s satisfy?

Solution. The unknown s must be orthogonal to oM and 0@, Therefore, s1 X 1+ 89 X 1+
S3X0=514+5 =0 mod2and sy Xx0+sy3 X1+83x1=5y+53=0 mod 2.

(b) Find all possible values of s that satisfy these equations.

Solution. Considering the constraints from Part (a), s; = sy and s3 = ss. Therefore,
s1 = sg = s3. The trivial value of s = 000 is always a solution; the interesting solution is
s = 111.

(c) Below is the quantum circuit used in Simon’s algorithm for n = 3. Recall that the second
register has 2 qubits. What does the oracle unitary Uy do to a general computational-basis
input |z) |y)? What is its action on |x) |00)7
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Solution. Uy |z) ly) — |x) |f(z) ® v).



Question 2 (XOR circuit.)
Consider the following three-qubit circuit, where the third qubit starts in |0):
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In other words, we apply a CNOT from the first qubit to the third qubit, and then a CNOT
from the second qubit to the third qubit.
(a) Show that for computational-basis inputs (i.e., when z,y € {0,1}), the circuit maps

Y1) = 12) )10y = ¢s) = o) y) [z @ w),

where |¢1) is the input of the quantum circuit, [¢)5) is the quantum state after the first
CNOT, and |1)3) is the output after the second CNOT.

Solution. |¢s) = |x) |y) |0 ® x) = |x) |y) |z), hence |[¢3) = |x) |y) |z S y).
(b) Compute the output when the input is [+) |[+) |0).

Solution. The input is [¢;) = £(|000) 4 [010) + |100) + |110)), hence the output is

|s) = ;(000> +]011) + [101) 4 |110)).



Question 3 (Hadamard transform identity.)

Recall that for the Hadamard gate H,
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(a) Show that for a single bit z; € {0,1},
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Solution. For z; =0, H|0) = |+) and %(|O> + (=1D)% 1)) = |+). Forz; =1, H|1) = |-)

and —5(|0) + (=1)' 1)) = [-).

(b) Using part (a), show that for two bits x, 25 € {0, 1},

H®? |225) = %( |00) 4+ (—=1)*2 [01) + (—=1)"* [10) + (—1)"+F*2 |11)).

Solution.
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= (\00> (=1)"01) + (=1)" [10) + (=1)" "2 [11)).

H®? |zq25) = (|0> (=)™ 1) ®

S-S

(c) The expression in part (b) is a special case (using n = 2) of the following identity,

H ) = —— 0 ()¢, N=2

se{0,1}7
where
Z siz;  (mod 2).
Using this identity, compute H®3 |001).

Solution. There are multiple ways how to solve this part. One approach is to realize
that there is a tensor product between H |0), H |0), and H |1), which is |+ + —). A more
elaborate approach is to consider the N = 23 = 8 computational basis states, compute the
sign of each one, and the end result will be,

H|001) = —(]000) + |010) + |100) + |110) — [001) — [011) — [101) — |111)).
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Question 4 (Can H and X generate the T gate?)
Recall the one-qubit gates
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Suppose that we are allowed to design one-qubit circuits using only the gates H and X. We
want to see if they can generate the T gate.

(a) A first attempt is to check whether some product of H and X can equal T exactly. Use
determinants to show that this is impossible. You may use the identity

det(AB) = det(A) det(B).

Solution. It can be readily seen that det{ H} = det{X} = —1. Therefore, using the identity
provided, the determinany of any product of H and X will be either —1 or +1. However,
the determinant of T is different.

(b) In quantum mechanics, two gates that differ only by a global phase are physically
equivalent. Therefore, a more meaningful question is whether some product of H and X can
equal

T

for some real number §. Explain why every product of H and X has only real entries.

Solution. Matrix products involve sums and products over individual entries, hence with
real entries the matrix product is real. Specifically, H and X have real valued entries hence
all products of these matrices have real entries.

(c) Show that there is no value of 6 for which
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has only real entries. Hence conclude that the T gate cannot be implemented using only H
and X, even up to a global phase. (Hint: if both diagonal entries are real, then their ratio
must also be real.)

Solution. The ratio of diagonal entries is €/™/* ¢ R for all values of §. Therefore, the matrix
cannot have only real values, and cannot be implemented using only H and 7.



Question 5 (Quantum phase estimation.)

Consider quantum phase estimation for the one-qubit unitary

1 0
U= [0 ei27r/3:| .

The state |1) is an eigenvector of U with eigenvalue

6i27r/3 _ 61‘27&7’ ———
773
We use two qubits in the first register and one qubit in the second register. The first register

is initialized at |00), and the second register is initialized at the eigenvector |1).

7

(a) Express the quantum state |¢5) after the two Hadamard gates are applied to the first
register.

U2
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Solution. [¢h) = |+ + 1) = L(J001) + [011) + |101) + [111)).

xpress the quantum state |¢,) after the controlled-U and controlled-U~ gates. mt:
b) E h f h lled-U and lled-U? Hi
how do U and U? act on [1)7)

Solution. [¢4) = $(]001) 4 €2 |011) + €729 |101) + €™27(39) |111)).
(c) Let |y) denote the quantum state of the first register in |¢5) after QFT™! has been

applied to the first register in [¢4). Let y € {0,1,2,3} denote the decimal representation of
ly). The quantum amplitudes of the state |y) are

3
a, = Z ezZﬂk(g&—y/4)‘
k=0

1 =

Based on a,, what is |y)?

Solution. |y) = a[00) + a; |01) 4 ay [10) + a3 |11).



(d) It can be shown that the probabilities for the four possible measurement outcomes are
Pr(00) =~ 0.063, Pr(01) = 0.700, Pr(10) = 0.188, Pr(11) = 0.050.
Which outcome is most likely? What estimate of ¢ does this outcome represent?

Solution. The outcome 01 is most likely. It corresponds to the number 1, and the estimated
phase is % = 0.25.

(e) Explain why the answer in part (d) is not exact, although ¢ = 1/3 is rational.

Solution. The number 1/3 can be represented as a binary decimal, 1/3 = (0.010101...),.
This binary decimal is closest to 1/4, hence the answer in Part b. However, because the
binary decimal does not fit nicely into 2 binary digits (bits), the other quantum amplitudes
are NONZero.



